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coordinates or distances are available. The distinction between inner and boundary nodes of the
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unit disk graph model of the wireless sensor network. Moreover, such geometric constructions
make it possible to compute a guaranteed distance from a node to the boundary. We present
a fully distributed algorithm for boundary recognition based on these concepts and perform a
detailed complexity analysis. We provide a thorough evaluation of our approach and show that it
is applicable to dense as well as sparse deployments.
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1. INTRODUCTION
In wireless sensor networks (WSN) it is often necessary to know the topology of the deployed network as well as specifics on the coverage of the target
area. Such information can be easily extracted if a significant subset of nodes
is equipped with GPS receivers or has other means of determining their respective locations. However, such hardware is expensive and requires a lot of
energy. In this article, we present a scalable solution that, without the use of
position information, recognizes certain topological properties such as inner
and boundary nodes in a two-dimensional space. Our approach sets no constraints on the node distribution and the node density. Additionally, each inner
node is assigned a minimum guaranteed distance to the boundary.
Many WSN applications demonstrate the need for the extraction of such
topological information [Rao et al. 2003; Fekete et al. 2004; Funke and Klein
2006]. Network lifetime is perhaps the most important issue in WSN. As the
failure of boundary nodes results in reduced coverage, the load of these nodes
should be reduced. For example, routing algorithms can exhaust the energy of
the nodes that lie on the boundary of a hole [Kröller et al. 2006]. The resulting coverage reduction might lead to a partitioning of a WSN communication
graph or missed events in the monitored region. However, it is possible to develop algorithms that adapt to the actual deployment using the distinction
between boundary nodes and inner nodes. The knowledge about holes can also
be used after an initial deployment or node failures to target specific areas with
additional nodes.
In a large number of scenarios, for example in the environmental monitoring of vineyards, forests, or large warehouses, sensor readings differ heavily
between the boundary and the center of the network. Sensor readings from the
boundary nodes might influence the aggregation results considerably because
they also capture events occurring outside of the monitored region of interest. Therefore, single sensor readings should be interpreted differently and
aggregation should not be performed across inner and boundary nodes. A finer
differentiation among nodes based on their distance to the boundary makes it
possible to detect such an influence.
Whether a node is an inner or a boundary node might be crucial in object
tracking scenarios. For example, when tracking events entering and leaving
a region, boundary nodes might be involved in more complex sensing tasks
whereas inner nodes might spend more energy on performing routing tasks.
This lets boundary nodes play a special role that cannot be assigned prior to
deployment. In addition, grouping nodes by nesting levels allows the definition
of further security perimeters with different alert degrees.
Accurately defining the boundary of a wireless network is a challenge that
should not be underestimated. Funke and Klein [2006] provide an implicit
definition of a network boundary in terms of nodes being close to the boundary of the continuous domain. Kröller et al. [2006] and Wang et al. [2006]
define the boundary with the help of cycles. In this article we discuss the problem of defining the boundary in the discrete domain and its relation to two
intuitive properties: uniqueness and continuity. We illustrate that this is a
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hard problem even with known node positions, and show that the definitions
found in prior work are incomplete. We then generalize the definition of boundary for the case where no location information is available, and discuss its
properties.
Our approach to the problem of boundary recognition presented in this article provides a close approximation of the generalized boundary without producing false negatives. Additionally, this boundary recognition approach is the first
that is able to considerably relax the assumptions on node density and provides
a good solution for both sparse and dense networks. Moreover, our result is a
generalization of the approach described in Kröller et al. [2006]. Similarly to
Kröller et al. [2006], our approach is based on the recognition of inner nodes of
the network and considers all other nodes to be part of the outer boundary or
the boundary of a hole. We introduce geometric constructions called patterns,
which guarantee that a particular node lies inside of the pattern for all deployments of the sensor network with a given connectivity graph. Our patterns
are generic, simple, parameterized, and no global knowledge of the network
connectivity graph is required to recognize them. These properties make our
approach scalable and applicable to sparse networks. Moreover, many of the
patterns allow additionally assigning to a node a guaranteed minimum distance to the boundary. Nodes with the same guaranteed distance from the
boundary form a nesting level.
Although our patterns do not cover all nodes that lie inside of the network
in all cases, simulation results show that the patterns are powerful enough
to detect almost all inner nodes of the network, and therefore provide a good
approximation of the network boundaries. We provide pattern rules that considerably simplify the recognition of patterns and allow the algorithm to run
in polynomial time.
The remainder of this article is structured as follows. First, we discuss related work in Section 2. In Section 3, we describe the problems related to the
definition of the network boundary. We then present in Section 4, geometric
patterns that are the foundation of our approach. The algorithmic aspects and
the time, space, and message complexities are discussed in Section 5, followed
by simulation results in Section 6. Our conclusions and an outlook to future
research directions complete this article.
2. RELATED WORK
There is a strong need to extract spatial information of deployed sensor and ad
hoc networks without node coordinates. Even if distance information between
the nodes is available, the problem of accurate node localization is NP-hard
[Aspnes et al. 2004]. However, a number of approaches provide reasonable
approximations of different topological characteristics of the network such as
the outer boundary of the network and boundaries of holes [Funke and Klein
2006; Funke 2005; Wang et al. 2006; Kröller et al. 2006], isolines or contours
[Funke and Klein 2006], and medial axis lines [Wang et al. 2006; Bruck et al.
2005], or streets [Kröller et al. 2006], which express topological levels based on
the number of hops to the boundary.
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Related work from the area of boundary recognition in sensor networks
without location information can be classified into three groups based on the
respective assumptions on node distribution, node density, and the underlying
communication model.
The approaches in the first group rely on a certain node distribution of
the sensor nodes in the non-hole regions. For example, the approach described in Fekete et al. [2004] requires a uniform distribution of sensor
nodes.
In the second group, a number of approaches [Funke and Klein 2006; Funke
2005; Wang et al. 2006] present solutions for boundary recognition based on
the assumption that the length of the shortest path between two nodes provides a reasonable approximation of the geodesic distance between the nodes.
However, this assumption requires a rather high average node degree in the
network (in the range of 25) for the approaches to perform reasonably well
[Funke and Klein 2006; Funke 2005]. The required node degree can be reduced
to 10 if the topology conforms to a more regular node distribution like a grid or
a perturbed grid [Funke and Klein 2006]. Under the unit disk graph assumption, sufficient node density and further assumptions on hole size and hole
placement, the algorithm marks the nodes close to the boundary with certain
guarantees [Funke and Klein 2006]. In their previous work [Funke 2005], the
authors additionally indicate that the success rate of their method decreases
with the decrease of the parameter d when the network topology follows the dquasi unit disk graph model. Another approach in this group [Wang et al. 2006]
also assumes that the distances among nodes can be approximated reasonably
well, based on the shortest path length, and requires the lowest density of all
approaches of this group with a node degree of 10 to 16. Such node densities
are realistic for dense deployments [Blough et al. 2003].
The last group of approaches does not constrain the node distribution or
make assumptions regarding node density but only sets constraints on the radio
model of the sensor nodes. The unit disk graph model is a weak approximation
of the properties of the wireless radio. Therefore the more general d-quasi unit
disk graph model is preferable [Schmid and Wattenhofer 2006]. The approach
presented in Kröller et al. [2006] is the only work so far that tackles the problem
of boundary recognition based on the single assumption
that the input network
√
2
follows a d-quasi unit disk graph for a given d ≥ 2 . The algorithm searches for
several types of patterns, so called “flowers,” which are further extended and
merged in the augmenting phase of the algorithm to form a boundary of the
network. However, the presented flowers are extremely comple and, in random
topologies, they only exist with a high probability if the average node degree
is very high (20–30) [Kröller et al. 2006; Fekete and Kröller 2006]. Moreover,
a sensor node requires knowledge of its 8-hop neighborhood to be able to start
searching for a flower. Evaluation results showed that this algorithm did not
find a flower for network topologies with an average node degree smaller or
equal to 10 [Wang et al. 2006].
The approach presented in this article belongs to the last group and introduces the concept of patterns—generalization of “flowers”—that are generic,
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simple, and parameterizable, by limiting the amount of neighborhood knowledge used.
3. THE BOUNDARY OF A SENSOR NETWORK
A sensor network is usually modeled as a graph G(V, E), where V is the set
of nodes (vertices), and E is the set of links (edges) between nodes that can
communicate. The boundary of a sensor network is a complex spatial property
even when a straight-line embedding of this graph into the two dimensional
space is known. The problem of defining the boundary lies in the intuitive
properties it should possess: uniqueness and continuity. When applying these
terms to a graph model, uniqueness requires that only one subgraph represents
the boundary and continuity requires this subgraph to form a connected cycle.
Existing definitions of the term boundary of a network and the outputs of
the respective boundary recognition algorithms found in the literature fail to
preserve both these properties simultaneously [Kröller et al. 2006; Wang et al.
2006; Funke and Klein 2006]. This section discusses the problem of defining
the boundary in sensor networks both for the case when position information
is available and for the case when it is not.
Let us first consider the case when a straight-line embedding p : V → R2 of
the network, is given. This results in an arrangement of line segments where
the endpoints correspond to the vertices and the segments correspond to the
communication links. We say that p is a d-quasi unit disk embedding (d-QUDE)
of G for a parameter d ≤ 1 if both
uv ∈ E =⇒ p(u) − p(v)
p(u) − p(v)

2

2

≤1

≤ d =⇒ uv ∈ E

hold. G itself is called a d-quasi unit disk graph (d-QUDG) if such an embedding
exists. A 1-QUDG is called a unit disk graph (UDG) and the corresponding
embedding is a unit disk embedding (UDE). A valid embedding of the network
is a d-QUDE for some fixed value of d.
According to the Jordan curve theorem, a simple closed curve divides the
plane into two components—the outside and the inside. We call the outside
p
the infinite face, Finf and the inside a finite face, F p. A sensor network can
have several boundaries in an embedding: the outer boundary (border to the
p
p
infinite face Finf ) and boundaries of holes (borders to finite faces F p ∈ Ffin ).
These faces represent faces of interest defining uncovered regions in the netp
work deployment. The elements of Ffin can be defined based on different spatial
characteristics of a hole, for example, the minimum size of its area, the length
of its perimeter, or the area of its convex hull [Kröller et al. 2006].
The perimeter, PF p , of a face of interest F p is defined as the set of segments of
straight-line embeddings of communication links (edges) that belong to the face
F p. The perimeter PF p is both unique and continuous for a given embedding.
Note that PF p does not have to include any end-point of an edge (node) as
illustrated by the example in Figure 1(a). However, this purely edge-based
perimeter is hardly useful in sensor networks. Instead, there is a need to define
a geometric boundary, BF p , which approximates PF p based on nodes.
ACM Transactions on Sensor Networks, Vol. 6, No. 3, Article 20, Publication date: June 2010.
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Fig. 1. Problems related to the uniqueness and continuity properties of boundary definitions.

We define the geometric boundary, BF p as the set of nodes that belong to
the perimeter PF p (if such nodes exist). Obviously, the geometric boundary
defined this way is unique but not continuous in the sense that BF p does not
necessarily form a connected cycle (see Figure 1(b)). For this reason, a number
of other approaches define the boundary as the cycle that follows the perimeter
of F p [Kröller et al. 2006; Wang et al. 2006]. However, this definition does not
possess the uniqueness property of the boundary. As an illustrating example,
both the nodes 1 and 3 in Figure 1(b) might belong to the cycle. Moreover, such
a boundary can even include nodes that are guaranteed to be inner nodes of
the network for any valid embedding. We show an example in Figures 1(c) and
(d) for which it can be shown that nodes 1 and 2 lie inside of the network any
UDE. We highlight the subgraph that guarantees node 1 to lie inside in (c), and
the subgraph that guarantees node 2 to lie inside in (d). We will later provide
the proof of this fact (see Section 4). The continuity of the boundary is broken
between the grey boundary nodes shown in the example if neither node 1 nor
node 2 is used.
Funke and Klein [2006] state that the goal of their algorithm is to mark
a node near every point of the boundary of the continuous domain, and that
all nodes that are marked are near this boundary. The boundary defined in
the continuous domain is both unique and continuous. However, the boundary
consisting of the nodes marked as boundary by the algorithm is neither unique
nor continuous. The algorithm output depends on the selection of seeds, which
initiate the algorithm. Another set of start seeds can lead to a different solution,
although the connectivity graph has not been changed.
Recognizing a boundary without position information given a network connectivity graph requires the consideration of all valid straight-line embeddings
of this graph. This leads to the following problems. First, the problem of finding
valid embeddings of a graph is NP-hard even when a UDG is used to model the
network [Kuhn et al. 2004]. Second, the notion of holes in the deployment needs
revision. Consider a straight-line embedding, p, of the network with a hole, F p,
ACM Transactions on Sensor Networks, Vol. 6, No. 3, Article 20, Publication date: June 2010.
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Fig. 2. Problems related to hole definition.

of a certain size size(F p) ≥ minC (e.g., defined by the perimeter or the area). In
this sense, it is impossible to construct a bijection between holes in different
embeddings. Therefore, a hole is an embedding-specific geometric property.
In Wang et al. [2006], the authors approximate a hole, F p, by the shortest
cycle that contains the perimeter of the hole PF p . However this approximation
is also unstable when looking at different valid embeddings. Consider a unit
disk embedding, p1 , of the network, as shown in Figure 2(a). The embedded
p
p
shortest cycles p1 (C0 ) and p1 (C1 ) contain the holes F0 1 and F1 1 respectively. Let
the length of these cycles be |C0 | and |C1 | and assume that |C1 | < |C0 |. If we are
interested in recognizing holes with a size (defined by the length of the shortest
p
p
cycle) of at least minC with |C1 | < minC < |C0 |, then faces F0 1 and Finf1 must
be detected by the boundary recognition algorithm. In Figure 2(b) we show a
different unit disk embedding, p2 , of the same network. Here, two faces are
contained in p2 (C1 ), which is the shortest cycle containing them. Consequently,
in p2 both faces are too small to qualify as holes, since their shortest cycles
are shorter than minC . Note that it is possible that a shorter cycle contains a
longer one even in a UDE (see Table I). For the same reason, it is impossible to
distinguish different hole boundaries without additional location information
(e.g., the assumption that the shortest path approximates distance).
We now introduce our alternative definition of boundary, which addresses
the problems we described. If there exists a valid embedding p and a face
F p such that the shortest cycle in this embedding that contains PF p has a
minimum length minC , then F p is an element of the generalized set of holes
p
Ffin . We define the set of infinite faces Finf that includes all infinite faces Finf for
all valid embeddings p. We define the generalized boundary of the network as
the set of nodes such that for every node in this set there is a valid embedding
p, in which this node belongs to the geometric boundary of a face F p ∈ Ffin ∪ Finf .
The generalized boundary is unique (unless the connectivity graph changes).
Moreover, it is minimal as it only contains nodes that belong to the outer
perimeter or the perimeter of a hole in at least one valid embedding. However,
the generalized boundary is not continuous, as can be seen in Figures 1(c) and
(d) in which the highlighted nodes 1 and 2 never belong to the generalized
boundary, as explained later in this article.
Any reasonable boundary acquired without location information includes
the nodes of the generalized boundary. In this article, we use the property of
the generalized boundary that its complement consists of all nodes that do not
ACM Transactions on Sensor Networks, Vol. 6, No. 3, Article 20, Publication date: June 2010.
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Fig. 3. (a–d) Insufficient constructions for UDG; (e–h) patterns for UDG.

belong to the outer boundary or the boundary of a hole for any valid embedding.
Our approach approximates the generalized boundary of the network by recognizing nodes that always lie inside of the network for any valid embedding
and assumes that all other nodes belong to the generalized boundary.
4. PATTERNS
Our approach recognizes inner nodes—nodes that do not belong to a boundary
for any valid embedding. We introduce the concept of patterns—subgraphs
that guarantee for any valid d-QUDG embedding, that a certain node lies
inside of the pattern. This inner node is the seed of the pattern. Let us now
consider the UDEs of the subgraphs as depicted in Figures 3(a) and (c). At
first sight, both subgraphs seem to fulfill these requirements, but as shown
by the counter-examples in Figures 3(b) and (d), it is not guaranteed that
seed S lies inside of the construction for all valid UDEs. We show some real
patterns in Figures 3(e–h). Figure 3(h) is the smallest pattern for UDGs we
were able to find. Node S only needs the knowledge of the communication links
between its direct neighbors to detect this pattern. In the following we provide
a few supporting lemmas and a separate proof of the pattern property for the
constructions presented in Figures 3(f) and (h). Later in this section we show
that the examples given in Figures 3(e) and (g) are also patterns.
LEMMA 4.1. Consider a subgraph H ⊂ G consisting of four vertices
v, w, x, y ∈ V , where xy, yv, vw, wx ∈ E and no other edge exists between these
vertices. A UDE of this subgraph results in a quadrangle on the plane. If a
vertex z is embedded inside of this quadrangle, it must be adjacent to at least
two adjacent vertices of this subgraph.
PROOF. Let o be the intersection of the two diagonals yw and xv (see
Figure 4(a)). Consider the vertex x. It is connected to the vertices y, w. If
we consider a unit circle centered at x, it will include both vertices y, w and,
therefore, the complete line segment yw. Thus, every vertex located inside of
the triangle xyw must be connected with node x in any valid UDE. Thus, a
vertex inside of any triangle xoy , yov , vow , wox must be adjacent to at least
two corresponding adjacent vertices in H.
LEMMA 4.2.

The graph in Figure 3(f) is a pattern in UDE.
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Fig. 4. Illustrations for Lemmas 4.1, 4.2, and 4.5.

PROOF. Consider Figure 4(b). If rays are constructed from vertex S along
the edges to x, y, z, the space is subdivided into three open faces: A, B, and C.
A unit circle centered at z intersects the segments Sx and Sy, which implies
that if 1 belongs to the open face B, then it must lie inside of the quadrangle
xSy2. In this case, additional edges 1S or 12 must exist, based on Lemma 4.1.
Analogously, 1 cannot belong to the open face C.
Corresponding arguments hold for node 2 and node 3. Therefore, nodes 1, 2
and 3 always lie in the faces A, B and C respectively. Thus, node S lies inside
the construction.
LEMMA 4.3. Consider a triangle xyz with xy
∠xyz ≤ π3 . Then xz 2 ≤ 1.

2

≤ 1 and yz

2

≤ 1 and

PROOF. Continue yx and yz so that yx 2 = 1 and yz 2 = 1. Assume
xy 2 ≤ yz 2 . Based on the Jensen’s inequality for convex functions, xz 2 ≤
xy 2 ≤ 1 or xz 2 ≤ xz 2 . In the second case, xz 2 ≤ yz 2 = 1 or xz 2 ≤
x y 2 ≤ 1.
LEMMA 4.4. Consider a subgraph H ⊂ G consisting of three vertices x, y, z ∈
V , where xy, yz, zx ∈ E. A UDE of this subgraph results in a triangle on the
plane. If a vertex v is embedded inside this triangle, it must be adjacent to all
three vertices x, y, z.
PROOF.
triangle.

Unit circles centered at x, y, z respectively, include all points in the

LEMMA 4.5.

The graph in Figure 3(h) is a pattern in UDE.

PROOF. Assume vertex S lies outside of the cycle constructed from vertices
1, 2, 3, 4, 5, 6, 7. All vertices must lie within a unit circle centered at S. Consider edge 12 and the two middle verticals to line segments 1S and 2S, which
partition the circle into 3 parts (cf. Figure 4(e)). Vertices 4, 5, 6 have no edges
to vertex 1 or vertex 2. Every point inside of the grey parts is closer to nodes 1
or 2 than to node S. Therefore, vertices 4, 5, 6 must lie inside the white part. If
some of vertices, 4, 5, 6, lie above edge 1, 2 and some lie below, at least one edge
between 4, 5, 6 intersects edge 1, 2. Since there are no edges between vertice,
4, 5, 6, and vertex 1 or vertex 2, this is not possible, based on Corollary 4.9.
None of the vertices, 4, 5, 6, can lie in quadrangles 1xSv or 2wSy, since every
point in these quadrangles is less than 1 away from nodes 1 and 2 respectively.
None of them can lie inside triangle 1S2 since every point in the triangle
is adjacent to 1 and 2, based on Lemma 4.4. Since there is no edge between
ACM Transactions on Sensor Networks, Vol. 6, No. 3, Article 20, Publication date: June 2010.
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vertices 4 and 6, they cannot both lie in vSw, based on Lemma 4.3 (∠α ≤ 60).
If all vertices 4, 5, 6 lie inside xSy, then S lies inside the construction.
COROLLARY 4.6. Consider a graph consisting of n+ 1 vertices V = S∪{x0 |0 ≤
i < n} with edges E = {xi x(i+1)mod n|0 ≤ i < n} ∪ {Sxi |0 ≤ i < n}. The graph is a
pattern in UDE if 7 ≤ n ≤ 11.
PROOF. This follows directly from Lemma 4.5. The maximum value for
n = 11 results from the fact that it is not possible to construct a chordless
cycle of more than 11 vertices where the UDE of all 11 vertices is in a unit
circle.
So far we have shown a few distinct pattern examples. However, every pattern has a very specific structure, and therefore only a few nodes in a random
network might be seeds of such patterns. We are interested in the generalization of this approach and the possibility of describing a powerful family of
patterns. Additionally, our goal is to formulate the pattern recognition rules for
recognizing the individual patterns that belong to this family. In this section,
we provide our generic pattern rules for the UDG model of a network and later
extend these rules for the more general d-QUDG model, which better captures
the properties of wireless links [Schmid and Wattenhofer 2006]. We prove that
all constructions generated by these rules, including the constructions shown in
Figures 3(e) and (g), are indeed patterns, and therefore guarantee that the seed
will lie inside
for any valid embedding. Our approach works for all d-QUDGs
√
with d ≥ 22 . This lower bound for d is fundamental for the mathematical
concepts of our approach and results from Lemma 4.7. This lemma has been
proven for
UDE in Breu and Kirkpatrick [1998] and improved for d-QUDE
√
with d ≥ 22 by Kröller et al. [2006]. We give here the proof presented in Kröller
et al. [2006].
LEMMA 4.7. Let x, y, w, v be four different nodes√ in V , where xy ∈ E and
wv ∈ E. Assume the straight-line d-QUDE (for d ≥ 22 ) of xy and wv intersect.
Then at least one of the edges in F = {xv, vy, yw, wx} is also in E.
PROOF. Assume p(x) = p(y); otherwise the proof of the lemma is trivial. Let
a = p(x) − p(y) 2 ≤ 1. Consider two circles of common radius d with their
centers at p(x), respectively 
p(y). The distance between the two intersection
points of these circles is h = 2 d2 − 14 a2 . If F and E were disjoint, p(w) and p(v)
√

would both have to be outside the two circles, however for d ≥ 22 it follows that
h ≥ 1. Because of the intersecting edge embeddings, p(w) − p(v) 2 > h ≥ 1,
which would contradict wv ∈ E.
In order to provide the precise description of pattern rules for UDGs and
d-QUDGs, we start with the terminology that also summarizes several important previous results.
ACM Transactions on Sensor Networks, Vol. 6, No. 3, Article 20, Publication date: June 2010.
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4.1 Terminology
D(VD, ED) is defined to be a vertex-induced subgraph of G(V, E), if VD ⊆ V ,
ED ⊆ E and the following condition holds: vi , v j ∈ VD|vi v j ∈ E and vi v j ∈ ED.
This means that for a chosen subset of nodes all edges between them are
preserved and no others are added.
Nk(D), the k-hop neighborhood of the vertex-induced subgraph D ⊆ G, is the
vertex-induced subgraph of G that includes all nodes reachable from at least
one node in D within a maximum of k hops. We set N0 (D) = D.
We model a sensor network using a d-QUDG as defined in Section 3, to
capture radio irregularities to some extent. The smaller the value of d, the
more general and realistic is the model.
Let C be a vertex-induced subgraph of G and VC = {v0 , v1 , . . . , vk−1 } ⊂ V be
a sequence of k > 3 distinct vertices such that vi v(i+1)mod k ∈ EC , ∀i = 0 .. k − 1
and no other edge exists between any two of these vertices. We refer to C as a
chordless cycle of length |VC | = k. A d-QUDE of a chordless cycle C is a polygon
that decomposes a plane into the infinite face and at least one finite face. Every
point in the infinite face is defined to lie outside of this polygon. There exist
multiple finite faces if the embedded chordless cycle is self-intersecting.
We use the following properties to check whether a connected subgraph can
be placed inside of a chordless cycle for a d-QUDE. Consider a chordless cycle
C ⊂ G and a connected vertex-induced subgraph D ⊂ G \ N1 (C). A maximum
independent set IC (D) = {vi } ⊂ VD with respect to C is a maximum subset of
VD such that: ∀vi , v j ∈ IC (D), vi v j ∈ E. The elements of an independent set are
called independent nodes. Since the distance between any pair of independent
nodes is at least d (in any d-QUDE), an independent set requires a certain
minimum area on the plane to place subgraph D. The embedding of a chordless
cycle in the plane results in a polygon with a limited maximum area that
depends on the length of the chordless cycle. As defined in Kröller et al. [2006],
the number fitd(k) is the maximum number of independent nodes that can be
placed inside of a chordless cycle C of length |VC | =√ k for a d-QUDE. The
independent set property (ISP) for a d-QUDE with d ≥ 22 holds for a chordless
cycle C and a connected vertex-induced subgraph D if
|IC (D)| > fitd(|VC |).
This means that there is not enough space in the chordless cycle to place all
independent nodes of D inside of it. Additionally, Lemma 4.7 guarantees that
the embedding of D must lie completely outside of the embedding of C if the
ISP holds.
4.2 Patterns in UDG
We now propose our generic pattern rules for the UDG model. We present
a formal definition and then explain the individual conditions including the
terms extended independent set property and critical intersection.
We first introduce a weak pattern P(S, 1) for UDG (d = 1) and later present
a strong pattern P ∗ (S, d) for the d-QUDG model. We define a weak pattern
P(S, 1) = C0 ∪ · · · ∪ Cn−1 , 2 ≤ n ≤ 5 with respect to a seed node S as a
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vertex-induced subgraph of G composed of chordless cycles Ci such that ∀i, j =
0 .. n − 1, i = j. The following conditions hold.
(1) S ∈ VCi .

⎧
⎪
⎨1, j = (i ± 1)mod n
(2) |VCi ∩C j ∩N1 (S) | = 2, j = (i ± 1)mod n ∧ n > 2.
⎪
⎩
3, j = (i ± 1)mod n ∧ n = 2
(3) For Ci , (P(S, 1) \ N1 (Ci )), the extended independent set property holds.

(4) For Ci , j =i C j , there exists no critical intersection.
The main idea behind weak patterns is to have a cycle and ensure that
the seed has enough connections to the nodes of the cycle to keep it inside
(pattern conditions (1) and (2)). Pattern conditions (3) and (4) guarantee, that
although the cycle and the connections might intersect, the seed node still lies
inside of the construction. In pattern condition (3), the extended independent
set property checks if ISP holds for a cycle Ci and the extended neighborhood
of P(S, 1) \ N1 (Ci ). This guarantees that Ci cannot simultaneously include all
other cycles that compose the pattern. Condition (4) checks that the cycles do
not lie partially in each other. After introducing the necessary terminology,
we provide formal definitions and examples of the extended independent set
property and the critical intersection test.
To be able to reason about patterns, we have to define a few more terms,
which are also illustrated in the example pattern in Figure 6. We call
V P(S,1) ∩ VN1 (S) the set of anchors. The number of anchors is equal to the number of cycles the pattern comprises, which we call the pattern cardinality. If a
pattern consists of at least three cycles, then each pair Ci , C(i+1)mod n shares one
anchor. We call this anchor the common anchor C Ai . If a pattern is composed
of exactly two chordless cycles, both anchors are shared by both cycles and
we deterministically define (e.g. by node ID) C A0 and C A1 . Now consider the
vertex-induced subgraph T A = N1 (Ci )∩ N1 (C(i+1)mod n)∩(Ci ∪C(i+1)mod n)\ S. This
subgraph is generally not connected. We define the conjunction Ji between two
cycles Ci , C(i+1)mod n to be the connected component in T A that includes C Ai .
The nodes that compose the conjunction are called conjunction nodes. Finally,
we define the outer cycle of a pattern as the connected vertex-induced subgraph
with the set of edges EP(S,1) \ E Ji .
To indicate the need for pattern conditions (3) and (4), we show different
possible embeddings of the bold chordless cycle Ci in Figure 5 for a combination of three cycles. There are three possible relations of one cycle to the
others: it may contain them (b), it may intersect them (c,d,e), and it may lie
on a different side of S (a,d,e). In cases (b) and (c) Ci is called reflected. If S
lies outside of the construction, then either one cycle contains all others or
there is a critical intersection of at least two chordless cycles. A critical intersection occurs when an independent set of a vertex-induced subgraph is
partitioned by the intersection with a chordless cycle. In Figure 5 example (b)
is rejected (is not sufficient to be a pattern) because one cycle contains all others and examples (c) and (e) are rejected because of a critical intersection. The
ACM Transactions on Sensor Networks, Vol. 6, No. 3, Article 20, Publication date: June 2010.

On Boundary Recognition without Location Information in WSN

•

20:13

Fig. 5. Combinations of three chordless cycles.

Fig. 6. Extended independent set property.

intersection in example (d) is not critical, and therefore both (a) and (d) are valid
patterns.
We use the extended independent set property (eISP) to check
if a cycle Ci can
√
contain all other chordless cycles in a d-QUDE with d ≥ 22 . Vertex-induced
subgraph C̄i = Nh(S) \ N1 (Ci ) generally consists of multiple connected components. Parameter h specifies the considered neighborhood knowledge. Compute
the size of a maximum independent set for each connected component that contains at least one node of P(S, d) \ N1 (Ci ). If the sum of these sizes is greater
than fitd(|VCi |), then Ci cannot contain all other chordless cycles. Note that using the standard ISP would only allow us to calculate a maximum independent
set for P(S, d) \ N1 (Ci ) (without considering the whole neighborhood Nh(S), the
so-called extension). The eISP is especially important for complex patterns with
long cycles since the number of independent nodes that can fit in a chordless
cycle grows faster than the cycle length (see Table I).
We illustrate how the eISP works in Figure 6 for a weak pattern P(S, 1) =
C0 ∪ C1 ∪ C2 . The ISP does not hold for C0 , P(S, 1) \ N1 (C0 ) because P(S, 1) \
N1 (C0 ) contains only one independent node with respect to C0 and there is
enough space in a cycle of length |VC0 | = 9 (see fit1 (9) in Table I) to place
this node inside for some UDE without any changes to the connectivity graph.
However, the eISP holds since a connected component in C̄0 = Nh(S) \ C0
(for this example, Nh(S) = G) that includes this independent node contains a
maximum independent set of size 6 > fit1 (9) = 2.
If S lies outside of the construction but the eISP holds, then the embeddings
of at least two cycles must intersect. Since the eISP holds, both cycles must
contain at least one independent node with respect to each other. We show examples of such constructions consisting of two cycles in Figure 7. We distinguish
between vertex-based (a) and edge-based (b) intersections. In order to detect a
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Fig. 7. Types of critical intersections.

critical intersection, we require that either the cycles share at least one node,
Figure 7(a), or that at least one of the dotted edges (1–4) in Figure 7(b) √exists.
Lemma 4.7 shows that at least one edge exists for a d-QUDE with d ≥ 22 . We
show that at least two edges exist for a UDE with the following Lemma 4.8.
LEMMA 4.8. Let x, y, w, v be four different nodes in V , where xy ∈ E, wv ∈ E
and xw ∈ E. Assume the straight-line UDE of xy and wv intersect. Then at least
one of the edges in F = {xv, yw} is also in E.
PROOF. Assume p(x) = p(y) = p(w) = p(v); otherwise the proof of the lemma
is trivial. Let a = p(x) − p(y) 2 . Consider two circles of common radius d with
their centers at p(x) and p(y) respectively. The distance
 between the xy segment

and the intersection points of these circles is 2h = d2 − 14 a2 . As F and E are
disjoint, p(w) must lie outside of the circle with center at p(y), and p(v) has to
lie outside of the circle with center atp(x). Because of the intersecting edge
√
embedding, for d ≥ 1, p(w)− p(v) 2 > ( 2h )2 + (d − 2a )2 = 2d2 − ad ≥ 1, which
contradicts that wv ∈ E.
COROLLARY 4.9. Let x, y, w, v be four different nodes in V , where xy ∈ E and
wv ∈ E. Assume the straight-line UDE of xy and wv intersect. Then at least one
of the following is true: xw, wy ∈ E or wy, yv ∈ E or yv, vx ∈ E or vx, xw ∈ E.
PROOF.

This follows directly from Lemma 4.7 and Lemma 4.8.
n
Consider
 a pattern P(S, d) = i=0 Ci . The intersection of a chordless cycle
Ci and j =i C j is critical if at least one of the following is true.

—∃C j ∈
j =i C j such that C j \ N1 (Ci ) consists of at least two connected
components;

—∃ a conjunction Ji between Ci and C j ∈ j =i C j (C Ai ⊂ Ji ) such that ∃ a
common anchor C Ak, k = i|C Ak ⊂ Ji .
For the second kind of critical intersection, in case a pattern is composed of
two cycles, both common anchors belong to the same conjunction, as is the case
in Figure 8.
We detect critical intersections by coloring the chordless cycles.
We have to
execute the following procedure for every chordless cycle Ci and j =i C j . We
color Ci starting at its two anchors with two different colors. Additionally, we
switch toa new color each time we encounter an independent node with respect to j =i C j . We color the other cycles of P(S, d) the same way, starting at
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Fig. 8. Coloring test.

their anchor nodes, and changing the color after each independent node with
respect to Ci . S is then the only uncolored node. The vertices of the conjunctions between Ci , C(i±1)mod n define the allowed
color combinations. Every node
and every edge connecting nodes of Ci and j =i C j is inspected. If the color
combination is not allowed, then we speak of a critical intersection.
In Figure 8, we color the nodes of two overlapping chordless cycles with
colors a, b, c, and d. The conjunctions define the color combinations ac and
bd to be allowed. In the figure we show a few examples of allowed and forbidden edges. All forbidden edges indicate that the critical intersection may
occur.
LEMMA 4.10. If node S ∈ VG is the seed of a weak pattern P(S, 1) ⊆ G, then
S is an inner node for any UDE of G.
PROOF. Assume a UDE such that S lies outside of P(S, 1). Then either at
least one chordless cycle of P(S, 1) is reflected or at least one conjunction intersects
 the outer cycle. Assume Ci is a reflected cycle in P(S, 1). Let us color
Ci , j =i C j . According to the eISP, Ci cannot contain all other chordless cycles
in P(S, 1). Therefore, Ci intersects C j ⊂ P(S, 1)( j = i). However, as no coloring
conflicts are found, the intersection between Ci and C j must have a color combination allowed by the two conjunctions of Ci . Therefore no independent node
is located between node S and the nodes that belong to the intersection. So,
all independent nodes of P(S, 1) \ Ci lie inside of Ci , which violates the third
pattern condition.
From Lemma 4.8 it follows that a conjunction Ji can only intersect one
edge of the outer cycle that lies in N1 (Ji ) and connects Ci \ Ji , C(i+1)mod n \ Ji .
No two conjunctions can intersect the same edge and from the fourth pattern
condition it follows that no two conjunctions can intersect each other. If the
seed lies outside of the pattern and no cycle is reflected, then there is one cycle
that contains all others.
4.3 Patterns for d -QUDG
After the definition of patterns for UDG in the previous subsection,
we now
√
present our extended approach, which supports d-QUDG for d ≥ 22 . The simple patterns for UDG presented in Figure 3 are not sufficient for the d-QUDG
model with d < 1. We show counter examples in Figures 9(b) and (d) for
the UDG-only patterns shown in Figures 9(a) and (c). We also show patterns
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Fig. 9. (a–d) Insufficient constructions for d-QUDG, d < 1; (e–g) Patterns for d-QUDG (f,g) from
Kröller et al. [2006].
√

for d-QUDG with d ≥ 22 in Figures 9(e–g). Examples (f) and (g) are taken
from Kröller et al. [2006] and illustrate an interesting difference to our approach. In Kröller et al. [2006] these very complex patterns are used to detect
a group of guaranteed inner nodes (highlighted in the figure), whereas our
approach is able to detect each of these inner nodes individually. By using simpler as well as more complex patterns our approach is more general and more
powerful. All of these patterns are covered by the following extended pattern
definition.
We define a strong pattern P ∗ (S, d) = C0 ∪ · · · ∪ Cn−1 , 2 ≤ n ≤ 8 with respect
to a seed node S as a vertex-induced subgraph of G composed of chordless cycles
Ci such that ∀i, j = 0 .. n − 1.
(1–4) P ∗ (S, d) fulfills the conditions of the weak pattern definition for the
given value of d.
(5) One of the following conditions holds for each conjunction Ji between
the pair of chordless cycles Ci , C(i+1)mod n:
a) |V Ji \S | ≥ 2;
b) |V Ji \S | = 1 and an edge exists between
N1 (Ji \ S) ∩ Ci and N1 (Ji \ S) ∩ C(i+1)mod n;
c) |V Ji \S | = 1 and a weak pattern exists for V Ji \S that includes
Ci , C(i+1)mod n.
Figure 10 illustrates the three cases of the fifth pattern condition of a strong
pattern. The reason that a weak pattern P(S, d) does not suffice in a d-QUDE
for d < 1 is that Lemma 4.7 does not preclude the possibility that a chordless
cycle is self-intersecting (e.g. Figures 9(b) and (d)). This is only guaranteed for
UDE by Lemma 4.8. Therefore, a strong pattern must ensure that seed S still
lies inside of the strong pattern for any embedding even if a chordless cycle is
self-intersecting.
LEMMA 4.11. If node S ∈ VG is the seed of a strong√ pattern P ∗ (S, d) ⊆ G,
then S is an inner node for any d-QUDE of G with d ≥ 22 .
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Fig. 10. Fifth condition of a strong pattern.

PROOF. The proof for strong patterns exactly follows our proof for weak patterns. There is only one additional point to show. Although conjunctions may
intersect the outer cycle of a strong pattern P ∗ (S, d), seed S is still guaranteed
to lie inside of it. Assume S lies outside of the construction. Let Ci ⊂ P ∗ (S, d)
be a chordless cycle. It follows from the fifth condition of a strong pattern
that |VCi | > 4. The conjunction Ji between Ci , C(i+1)mod n can intersect edges of
the outer cycle of the strong pattern in Ci ∩ N2 (Ji ) and in C(i+1) mod n ∩ N2 (Ji ).
However, these vertex-induced subgraphs do not overlap for any pair of conjunctions, which follows from the fifth condition of a strong pattern and
Lemma 4.7. Since no independent node with respect to Ci is in N1 (Ji ), this
intersection is not critical. Therefore, there is a chordless cycle that contains
all others. This violates the third pattern condition and contradicts the assumption.
4.4 Pattern Properties
There are several important properties of weak and strong patterns that can be
used to derive further spatial information of a sensor network and to optimize
the pattern recognition algorithm.
Distance guarantees. Both weak and strong patterns guarantee that the
seed lies inside of the pattern. However, a strong pattern additionally ensures
that the seed has no direct connection
 (edge) to the outer cycle of the pattern.

Therefore the seed is at least dist = d2 − 14 away from every edge of this outer
cycle. Thus strong patterns can additionally provide distance guarantees for
their seeds.
Nesting levels. We show in Section 5.2 how to accumulate guaranteed distances in order to designate nesting levels for sensor nodes.
Inclusion property. For the set of patterns the following inclusion property
holds:
if P(S, d) then P(S, q), ∀q ≥ d
as long as there exists a valid q-QUDE for P(S, q). This property is important
for applying the pattern concept in real-world deployments where the exact
value of d is not known.
Maximum pattern cardinality. The size of a maximum independent set of
π
N1 (S) for a node S is limited by  arcsin
d  (5 for a UDG, 8 for the d-QUDG model
2
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√

Fig. 11. Pattern in an ε-dense region.

with d =
a regular polygon—with an edge length greater than d—that can be placed in
a unit circle. This limits the maximum number of chordless cycles in a pattern
and restricts the search depth.
Discreteness. Both weak and strong patterns can be used in a UDE. Weak
patterns only guarantee that the seed lies inside of the construction, whereas
√
strong patterns additionally provide a guaranteed minimum distance of 23
from √the outer cycle of the pattern. However if we consider a d-QUDE with
d ∈ [ 22 , 1), only strong patterns work. This discrete behavior of patterns results
from Lemma 4.7 and Lemma 4.8. According to Lemma 4.7, there are only
two
√
possible relations between two edges xy, vw ∈ E for a d-QUDG with d ∈ [ 22 , 1).

If xv, xw, yv, yw ∈ E, then x and y are at least d2 − 14 away from vw. If at least
one of the edges xv, xw, yv, yw exists, then there might be an embedding where
xy, vw intersect. There is one more possibility in UDE. If exactly one of the
edges xv, xw, yv, yw exists, xy, vw cannot intersect, according to Lemma 4.8,
but x or y can be arbitrarily close to vw.
Soundness. Our approach is sound, as the patterns covered guarantee that
the corresponding
seed nodes lie inside of the network for any d-QUDE with
√
d ≥ 22 .
Incompleteness. While being able to describe a family of simple as well as arbitrarily complex patterns, this concept does not cover the whole set of patterns
(e.g., the pattern shown in Figure 3(h)). Therefore, our approach is incomplete.
However, we show in the evaluation section, that our pattern rules are powerful and general enough to recognize a large number of guaranteed inner nodes
for dense as well as for sparse topologies.
Finally let us show that in dense networks, each inner node of the network
provably finds a pattern. Similarly to Kröller et al. [2006], let us define a graph
G be ε-dense in a region A ⊂ R2 if every ε-ball in A contains at least one node
of G.
√ √
2
√
LEMMA 4.12. Assume a UDG G (d = 1), ω = 2− 2−8−3
≈ 0.105 and 0 < ε <
2
ω. If G is ε-dense on a disk of radius 1 + 3ω, then G contains a Figure 3 (g)
pattern.
2
). These numbers correspond to the maximum number of vertices in
2

PROOF. See Figure 11. Choose the node closest to the center of the considered
disk that lies within an ε-ball around the center. This node is the seed of a
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pattern. All other nodes should be chosen in their corresponding ε-balls. For
identifying the limit on ε, see a quarter of the pattern of the left. The coordinates
of the ε-balls are indicated on the picture. The limit on ε results from the fact
that AB 2 ≤ 1.
This lemma and the fact that the seed of a pattern is guaranteed to lie inside
of it allows the
√ following additional conclusion. Consider the graph is ε-dense
√

2
√
with ω = 2− 2−8−3
≈ 0.105 and 0 < ε < ω. Every node that is at least 1 + 2ω
2
away from the geometric boundary is the seed of a pattern. No seed of a pattern
lies on the geometric boundary.

5. BOUNDARY RECOGNITION ALGORITHM
Having laid out the mathematical foundations and necessary conditions for
patterns, we now present our algorithm for boundary recognition and its complexity analysis.
The goal of the boundary recognition algorithm is to find weak and strong
patterns in the network. It also assigns a level to every node that indicates its
distance to the boundary. If a node is guaranteed to lie inside of the network,
level 1 is assigned
(UDG only). If the node is additionally guaranteed to be at


least dist = d2 − 14 away from the boundary, then level 2 is assigned. All other
nodes are assumed to belong to the generalized boundary and receive level 0.
Our algorithm is parameterized
with d, which specifies the d-QUDG model.
√
The range of d is limited to 22 ≤ d ≤ 1, which is a hard bound for our algorithm, resulting from Lemma 4.7. The second parameter is h, which specifies the h-hop neighborhood used for finding patterns. We limit the maximum
length of chordless cycles to 2h + 1. This implies that the minimum chordless
cycle length that defines the generalized set of holes is minC = 2h + 2. In order to reduce the time, space, and message overhead for dense networks, h
should be chosen based on the average node degree in the respective network.
We provide guidelines for selecting reasonable values of h in the evaluation
section.
After the boundary recognition algorithm has finished, it is executed again
using only those nodes that have been identified as seeds of strong patterns. We
assign nesting level 3 (UDE only), or 4, to nodes that are the seeds of weak or
strong patterns in this round. We repeatedly execute the algorithm, each time
reducing the examined graph and incrementing the levels, as long as strong
patterns are found.
5.1 Boundary Recognition
The boundary recognition algorithm executes the following steps for each node
S in order to find a weak (UDE only), or strong, pattern by checking the pattern
conditions.
(1) Gather the connectivity graph of the h-hop neighborhood, Nh.
(2) Find all chordless cycles of maximum length 2h + 1 in Nh that include S
(condition 1).
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(3) Construct valid combinations of chordless cycles (condition 2) and perform:
(a) the extended independent set test (condition 3);
(b) the critical intersection test (condition 4);
(c) the strong pattern test (condition 5).
We now explain each step in detail and analyze their respective time, space,
and message complexities.
(1) Gather the h-hop connectivity graph. Every node broadcasts a message
containing its ID with a time to live (TTL) of h. When a node receives such a
message from another node, it appends its ID (constructing a path), decrements
the TTL, and forwards the message. The message complexity of this step for one
node is O(h2 nmax ), where nmax is the maximum node degree in Nh. Constructing
the connectivity graph of Nh runs in O(h4 n3max ) time and requires O(h2 n2max )
space.
(2) Find chordless cycles. In this step, we perform a depth first search
starting at S to find all chordless cycles in the connectivity graph Nh(S). The
maximum search depth is limited by the maximum length of a cycle 2h+1. This
step runs in O(n2h+1
max ) time. We have to store the chordless cycles in memory in
order to later be able to construct the chordless cycle combinations needed to
find patterns. However, it is difficult to establish a tight upper bound on the
number of chordless cycles. This number clearly depends on h and the maximum
node degree in the neighborhood. We have to estimate an upper bound for the
number of chordless cycles in an h-hop neighborhood by the number of paths of
length smaller than 2h + 1 that start at S. This number is clearly greater than
the number of chordless cycles. Therefore, the definitely overestimated space
complexity is O(n2h+1
max ).
The space complexity of finding chordless cycles dominates the space complexity of the whole algorithm. Additionally, the number of chordless cycles
determines how many combinations of cycles are possible and how often the
rather expensive tests for the remaining pattern conditions have to be performed. Therefore, the number of chordless cycles is the determining factor of
the time and space complexity of the complete algorithm. To reduce the number
of cycles used in later tests, we define a similarity metric for chordless cycles
and avoid storing multiple similar ones. If one cycle cannot be used to construct
a pattern, it is unlikely that a very similar cycle can be used successfully. To
take advantage of that, we developed μ-filtering for two chordless cycles Ci and
C j that both contain S. For a chordless cycle C, we define the center node c S (C)
relative to S ∈ C as the node in C that has the greatest hop distance to S. If
the length of the cycle is odd, this node is unambiguous. If the length is even,
we choose the center node deterministically (e.g., by node ID). Two cycles are
considered similar if they share the same anchors and the center node of one
cycle is also part of the other.
(1) Ci ∩ N1 (S) = C j ∩ N1 (S)—share the same anchors;
(2) c S (Ci ) ∈ VC j ∨ c S (C j ) ∈ VCi —the center node of one cycle is also part of the
other.
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If two cycles are considered similar we only keep the longer cycle in order to
increase the probability of constructing a strong pattern.
Each chordless cycle has two anchor nodes and exactly one center node. The
μ-filtering method allows for only one chordless cycle with the same anchor
nodes and the same center node. Therefore, the number of chordless cycles
after μ-filtering can be estimated with ncyc = O(h2 nmax C(nmax , 2)) = O(h2 n3max ),
where C(n, k) is the binomial coefficient. Consequently, the space complexity
is O(h3 n3max ). The search for chordless cycles including μ-filtering runs in
2
O(n2h+4
max h ). As we show in the evaluation section, this very simple but efficient
similarity metric does not degrade the quality of the boundary recognition and
significantly reduces both the time and the space complexity of the complete
algorithm.
(3) Construct valid combinations of chordless cycles. In this step, we check
the second pattern condition by constructing the valid combinations of chordless cycles using depth first search (DFS). We perform the remaining pattern
max ) time and
tests as described in the next paragraphs. DFS runs in O(ncard
cyc
is
the
maximum
pattern
cardinality (5
requires O(ncyc ) space, where card
√max
2
for UDE, 8 for d-QUDE with d = 2 ). We show in the evaluation that by using
reasonable parameter values it is possible to reduce the maximum number of
chordless cycles to construct a pattern to 2 and 3 (instead of 5 and 8) for UDE
and d-QUDE respectively without degrading the result.
3(a) Extended independent set test. Since the problem of finding a
maximum independent set is NP-hard, we use the following greedy
algorithm to approximate such a set. Consider a connected vertexinduced subgraph D = Nh \ Ci for which a maximum independent set
is to be computed. We search for a node v with a minimum node degree
and choose this node as an element of the independent set. This step
is performed repeatedly for the vertex-induced subgraph D = D \ N1 (v)
until D\ N1 (v) = {}. Note that the independent set constructed this way
is maximal but not necessarily maximum. The time complexity of this
step is O(|VD|2 log |VD|) = O(h2 n2max ).
3(b) Critical intersection test. As previously discussed, we perform
the critical intersection test by coloring the nodes of a potential pattern
P(S, d). The algorithm consists of the following steps for every chordless
cycle Ci of P(S, d).
1. Determine the set of unrelated nodes in Ci and in P(S, d) \ Ci , that
have no edge to any node of the other set.
2. Color the nodes of Ci and P(S, d) \ Ci as described in Section 4.2.
3. Determine the two color combinations allowed by the two conjunctions of Ci .
4. If vertex-based or edge-based illegal color combinations exist, then
reject P(S, d).
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Determining the set of unrelated nodes in step 1 and coloring all nodes
(step 2) both run in O(h2 ) time and require O(h) additional space. The
running time of checking for illegal color combinations (step 4) lies in
O(h2 ) and no additional space is required.
3(c) Strong pattern test. For checking whether the conjunctions fulfill the fifth strong pattern condition, we only consider the first two
possibilities of the fifth condition. This is done in O(1) without any
additional space.
We now present the overall complexities of the boundary recognition algorithm for a single node using μ-filtering and with limiting the pattern cardinality to 3. These optimizations are also used in the evaluation. The resulting time
2
3
3
complexity is O(n2h+4
max h ), the space complexity is O(nmax h ), and the message
2
complexity is O(nmax h ), where h is the depth of the neighborhood Nh and nmax
is the maximum node degree in Nh. These complexity values hold for h ≥ 4.
5.2 Nesting Levels
After the boundary recognition algorithm is completed, we execute it again for
all nodes of level 2. This corresponds to constructing a vertex-induced subgraph
G ⊂ G composed of the nodes of level 2 and using G as input to the pattern
recognition algorithm. However, since each level 2 node still only has to gather
the connectivity information of its h-hop neighborhood, no global knowledge
is required. After the second run of the algorithm, the seeds of the weak patterns (UDE only) and of the strong patterns, are assigned the levels 3 and 4
respectively. Consequently, nodes of level 4 are at least 2 · dist away from the
boundary. The boundary recognition algorithm is executed repeatedly as long
as seeds of strong patterns (resulting in higher levels) are found. Since in each
round the examined graph is smaller than in the previous round, the algorithm
is guaranteed to terminate. We show the nesting level process for an example
topology in Figure 12. The resulting assignment of nesting levels is shown in
Figure 14(b).
Since the algorithm does not produce any false positives when recognizing
inner nodes, it is possible to repeat the boundary recognition algorithm and
increase the guaranteed distances to the boundary. The pattern rules do not
consider any nodes or edges to nodes outside of the pattern. If a node fails
to find a strong pattern because our approach is incomplete, it might prevent
other nodes from increasing their level in the next round. However, any pattern
found by the algorithm is valid.
6. EVALUATION
The primary goal of the evaluation is to show that our approach is general
enough to support both sparse and dense deployments. We also investigate empirical values that determine time and space costs of the different steps of our
algorithm and conclude with guidelines on how to select the most appropriate
parameter values.
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Fig. 12. Example process of constructing nesting levels.

6.1 Setup
For our experiments, we concentrate on two types of topologies, random and
grid-based. We use random topologies (uniform distribution) to show that our
approach does not rely on any assumptions concerning the regularity of node
positions, as required by some previous approaches. We use grid-based topologies to create more realistic scenarios. The nodes are placed randomly inside
of circles arranged in a regular grid (the radius is equal to the grid spacing).
This type of topology better matches real-world deployments where the goal is
usually a more or less regular coverage of the sensing area. Therefore, even
in the case of autonomous deployments of sensor nodes, for example with the
help of helicopters or other vehicles, instructions exist concerning movement
trajectories and deployment points that assume some kind of grid overlay.
1−s
for
The probability that a link exists between two nodes is calculated by 1−d
a distance s between two nodes with d ≤ s ≤ 1. While our approach supports
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Table I. ISP: Values of fitd for Different d
n
fit1 (n)
fit↑1 (n)
fit↑√2/2 (n)

4
0
0
1

5
0
0
1

6
0
1
2

7
1
1
3

8
1
2
5

9
2
3
7

10
3
4
8

11
4
5
10

12
5
7
13

13
7
8
17

asymmetric links as long as the connectivity graph is a valid d-QUDG, we only
experiment with symmetric links in our topologies.
We vary the network wide average node degree between 2 and 20, taking
into account the results discussed in Blough et al. [2003], where values between 3 and 9 are suggested as reasonable for networks composed of 50 to 500
nodes.
We use the values shown in Table I for the fitd-function. Since determining
these values corresponds to solving the packing problem, we approximate the
values assuming a hexagonal and square packing of nodes for UDE and dQUDE respectively. Hexagonal and square packings provide packing densities
π
π
and 3√
. It is known that a hexagonal packing is the most dense packing
of 2√
3
2
for the infinite face. However, even by applying both packings to estimate the
maximum number of circles that can be located inside of a polygon, we cannot
guarantee that the values in the table are not underestimated. Nevertheless,
we have chosen the values deliberately high because we consider the whole Nh
neighborhood for the extended independent set test. Using the eISP instead of
the ISP increases the number of detected patterns considerably. Our experience
shows that constructions are usually not rejected because of the eISP test. A
critical intersection is more common than one cycle containing all the others.
6.2 Qualitative Evaluation
As explained before, our algorithm approximates the generalized boundary of a
network by detecting the nodes that belong to its complement—the set of nodes
that lie inside the network for every d-QUDE. Therefore, the nodes that belong
to the geometric boundary of an embedding are included in the set of detected
boundary nodes but cannot be distinguished from other nodes that are not part
of the boundary in this particular embedding without location information. We
are not aware of any way to reliably determine all nodes that belong to the generalized boundary. Therefore, the only reasonable way to evaluate the quality
of our approach is to visually inspect the result. We examined a large number
of results covering a wide range of parameters. Although at first sight some
nodes appear to be inner nodes for any obvious embedding, closer examination
reveals a possible embedding where they belong to the boundary.
In Figure 13 and Figure 14 we present several examples of network topologies (UDG and d-QUDG) processed by our algorithm with different node distributions and a wide range of different average node degrees, which represent a
wide spectrum of possible network deployments. Since the evaluation of previous approaches uses the UDG model, we first show several UDG deployments.
Figures 13(a)–(c) are examples of sparse random deployments of UDGs (average node degree 6.74–8.3), which require the nodes to have information of
their 6-hop neighborhood. More regular grid-based UDG deployments, shown
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Fig. 13. Qualitative evaluation (UDGs).

in Figure 13(d) and (e) with an even lower average node degree of 4.12, also
require the knowledge of the 6-hop neighborhood. In Figure 13(f) we show a
dense topology with artificially created holes. The high average node degree
allows achieving good results considering only the 3-hop neighborhood when
looking for patterns.
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Fig. 14. Qualitative evaluation (d-QUDGs).

We now continue the evaluation
of our approach using the more realistic
√
d-QUDG model with d ≥ 22 . Note that only even levels are meaningful as
nesting levels for the d-QUDG model. We show a sparse grid-based 0.75-QUDG
network deployment with an average node degree of 5.11 in Figure 14(a). A
slightly higher value of the average node degree allows decreasing the amount
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of required neighborhood knowledge (Figures 14(c)–(f)). Since no holes exist
in the deployment in the examples given in Figures 14(d) and (f), the nodes
with the highest nesting level of 6 approximate the center of the network.
The examples in Figures 14(b) and (c) show the results of the same topology
processed assuming a UDE (b) and a d-QUDG model (c) to illustrate that there
is only a small difference in the number of nodes of corresponding nesting levels
despite the higher requirements on fitd(k). Figure 14(d) represents a much
larger deployment area with the same average node degree as in Figure 14(c).
Therefore, the thickness of the boundary and the distance guarantees are the
same in both figures despite the different visual impression the figures give.
Figure 14(e) shows the performance of our approach on a randomly generated
0.75-QUDG. We present a very dense topology in Figure 14(f), which allows us to
use only the minimum possible neighborhood knowledge (3-hops) for searching
strong patterns in d-QUDE. For UDE it is even possible to only search the
2-hop neighborhood if nesting levels are not required.
The plots in Figure 15 and Figure 16 are obtained by executing our boundary
recognition algorithm on the input topologies used in Wang et al. [2006]. These
topologies are examples of networks of irregular shape comprising-higher number of nodes. Figures 16(c)–(f) show the same network with increasing density,
and have been used as problematic examples in Wang et al. [2006]. The authors
state that the approach used in Kröller et al. [2006] does not find any flower
for the topologies in (c) and (d). Although our algorithm detects a considerable number of inner nodes, the boundary is not very clear. The problems in
these topologies, for all approaches, result from insufficient connectivity due to
clustering of nodes.
Additionally, the plots in Figure 17 show examples of complex topologies with
interesting topological features for 0.75-QUDGs. In Figure 17(a) the nodes are
placed in a grid-based topology, and the nodes of the network in Figure 17(b)
are uniformly distributed over the area.
6.3 The Cost of Pattern Recognition
After evaluating the result quality of our boundary recognition algorithm in the
previous subsection, we now present the empirical analysis of several values
that determine the cost incurred by our algorithm. We show that the results of
the complexity analysis in Section 5 considerably overestimate the actual cost
of running the algorithm.
Figures 18(a) and (b) show the average number of chordless cycles found
depending on the average node degree for a large number of topologies. Since
boundary nodes find fewer chordless cycles than inner nodes (see Figure 19),
the ratio between boundary nodes and inner nodes determined by the network
size directly influences the number of cycles. For that reason, we chose three
different network sizes, with 100, 300, and 500 nodes, and constructed 20
grid-based topologies for each size. We varied the transmission range in each
topology in order to obtain different average network wide node degrees and
computed the average number of chordless cycles for different values of h ∈
{2, 4, 6}. In Figure 18(a) we show the average number of chordless cycles found
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Fig. 15. Qualitative evaluation (topologies introduced in Wang et al. [2006]).
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Fig. 16. Qualitative evaluation, topologies introduced in Wang et al. [2006]).
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Fig. 17. Qualitative evaluation (d-QUDG topologies).

Fig. 18. Evaluation of μ-filtering.

ACM Transactions on Sensor Networks, Vol. 6, No. 3, Article 20, Publication date: June 2010.

On Boundary Recognition without Location Information in WSN

•

20:31

Fig. 19. Number of chordless cycles found in different regions.

Fig. 20. Required pattern cardinality.

by a node (note the logarithmic scale). The average number of chordless cycles
after μ-filtering is presented in Figure 18(b) (linear scale). We evaluated the
efficiency of μ-filtering by computing the ratio between the number of cycles left
after μ-filtering and the total number of cycles, which is plotted in Figure 18(c).
Our analysis shows that the efficiency of μ-filtering increases with the average
node degree and with higher values of h. Therefore, μ-filtering significantly
decreases the space and time requirements of the complete pattern recognition
algorithm.
After finding the relevant set of chordless cycles, the next step of the pattern
recognition algorithm is to search for a valid pattern by combining the chordless cycles. This search stops as soon as a strong pattern is found. This prevents
inner nodes from unnecessarily searching through all possible combinations.
The number of chordless cycle combinations that form a pattern in UDE and
d-QUDE is limited by the maximum pattern cardinality. However, it is generally cheaper to check for a potential pattern consisting of fewer cycles. More
importantly, the number of combinations grows exponentially with the maxiACM Transactions on Sensor Networks, Vol. 6, No. 3, Article 20, Publication date: June 2010.
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Fig. 21. Parameter selection guidelines.

mum pattern cardinality considered. It is interesting to evaluate the benefit of
a higher pattern cardinality. For the network shown in Figures 14(b) and (c)
we calculated the number of nodes for which a pattern exists that is composed
of ncombi + 1 chordless cycles, while no pattern exists that involves only ncombi
chordless cycles. In Figure 20 we show the percentage of nodes that recognized
a pattern consisting of a certain minimum number of cycles for values of h
between 2 and 6. This provides two important insights. On the one hand, there
is a certain value of h = h for which almost all inner nodes find a pattern so
that there is no benefit in further increasing h. On the other hand, for h = h
there exists a pattern consisting of only two (UDE) or three (d-QUDE) cycles for
nearly all inner nodes. The saturation of the number of detected inner nodes
with increasing values of h motivates the need for guidelines for parameter
selection depending on the density of the sensor network. Such guidelines are
described later in this section.
6.4 Parameter Selection and Adaptation
It is important to select reasonable parameter values for h and the pattern
cardinality tailored to the properties of the deployed network in order to achieve
both a good result quality and a low overhead of the algorithm. On the one hand,
selecting a small value for the minimum generalized hole size in very sparse
networks makes nearly all nodes part of boundaries of holes or of the outer
boundary. On the other hand, trying to recognize only very large holes in dense
deployments forces the algorithm to process large subgraphs of the connectivity
graph of the network.
For that reason it is necessary to select reasonable parameters in
order to ensure algorithm performance while minimizing unnecessary
complexity.
The main parameter of the system is h, which defines the depth of the
neighborhood that has to be considered as well as the minimum size of a hole,
2h + 2. Obviously, h should be chosen based on the density of the network.
We have investigated the influence of the density on the average number of
chordless cycles per node with a given length. We chose the grid-based topology
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Fig. 22. Example topology motivating the need for adaptation.

to reduce the variance shown as in Figure 14(b) and varied the transmission
range to obtain different average node degrees. In Figures 21(a) and (b) the
average number of cycles with a given length is plotted against the average
node degree. Values without (logarithmic scale), and with, μ-filtering (linear
scale) are shown.
On the one hand, it is obvious that in a network with an average node degree
of 4 almost no cycles of length ≤13 can be found. Therefore, it does not make
sense to search for patterns in a neighborhood of fewer than 6-hops. On the
other hand, sufficiently high node densities allow only examining the 2-hop
or the 3-hop neighborhood and still find enough chordless cycles to construct
a pattern. Note that the reasonable minimum size of a hole also correlates
with the node density. Our experience shows that 30 chordless cycles (after
μ-filtering) are usually enough for sparse networks with average node degrees
smaller than 8, and that 100 cycles are enough for denser networks. A larger
number of cycles is required for dense networks because the cycles start and
end at a larger number of anchor nodes. Note that the minimum chordless cycle
length is 4 for weak patterns and 5 for strong patterns (this results from the
5th condition of a strong pattern).
Since the variance of the average node degree is relatively small in gridbased topologies, it is possible to use the same value of h for the whole network.
In random topologies one can find in the same network both areas with a very
high average node degree and areas with a very low average node degree. We
show an example of such a random network topology in Figure 22. The same
value of h was selected for the complete network. Our algorithm finds nearly
all inner nodes in the left part where the value of h is sufficient for the average
node degree of this area. However, the sparser area in the right part of the
figure requires a greater value of h. This motivates the need for adapting the
value of h to the local density of the region, which we plan to investigate as
part of future work.
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7. CONCLUSIONS AND FUTURE WORK
In this article we tackle the challenge of providing a graph-oriented definition
of a boundary of a sensor network. We have defined the geometric boundary
for the case when the embedding of the communication graph in the plane is
known and the generalized boundary for the case when no embedding is given.
We show that the generalized boundary is unique unless the communication
graph changes, but in the general case is not continuous.
We have presented an algorithm that, without location information, computes a close approximation of the generalized boundary by recognizing inner
nodes of the network and considering all other nodes to belong to the generalized boundary. Our approach is based on the
d-quasi unit disk graph model
√
2
for radio propagation and supports any d ≥ 2 . We are able to guarantee that
all nodes recognized as inner nodes lie inside of the network for any d-quasi
unit disk embedding for a given d. We also provide additional discrete distance guarantees to the boundary, called nesting levels. The correctness of our
solution for inner node recognition based on generic pattern rules is mathematically proven. We have presented our algorithms built upon these concepts
and have shown in the evaluation that our optimizations significantly reduce
time and space complexities without degrading the result. We have also shown
that our approach works well on dense and sparse topologies and, therefore,
can successfully be applied to a wide range of scenarios. The algorithm can
be parameterized based on a given node density in order to further reduce
the message, time, and space overhead while still providing good results. We
provided guidelines
for these parameter value selections.
√
Note that 22 is a hard limit for d and cannot be reduced by any incremental
work on our solution. Although our generic pattern rules do not cover the complete set of patterns, the mathematical properties and the quality of the results,
especially for sparse networks, illustrate the power and wide applicability of
our approach.
We envision two basic directions for future research. First, we plan to extend our algorithm to be adaptable to local densities and we will investigate
other similarity metrics especially tailored to dense networks. Second, we want
to apply boundary recognition and nesting levels as a foundation for other
algorithms.
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